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Abstract. This paper presents a new variant of an excitonic model to explain the super- 
conductivity in the high-ir, oxides. The carriers in the CuO, layers are divided into two 
groups: heavy and light holes. The heavy holes localise into a (charge) density wave, and it is 
virtual excitations across the density-wave gap which pair the light holes in a superconducting 
state. Such a mechanism can lead to strong deviations from BCS form for the temperature 
dependence of the gap. Comparison with experiment suggests that the density wave is 
present as two-dimensional fluctuations with long-range order setting in only near or below 
T,. In La2- ,Sr,CuO,, i t  is suggested that materials withx # 0 or 0.15 are two-phase mixtures. 

1. Introduction 

Most properties suggest that the superconducting transition in the new high-ir, oxides 
[I, 21 is at least approximately governed by a Bcs-like Hamiltonian. However, the 
question of what boson excitation causes the pairing remains unanswered. The very high 
values of T, and the weakness of the isotope effect [3], especially in YBa2Cu3O7- (YBCO) 
and related compounds, appear to rule out a pure phonon or bipolaron mechanism. 
Some sort of excitonic model has frequently been suggested as an alternative, and the 
observation of a low-energy optical feature in polycrystalline specimens, near 0.4 eV, 
has been taken as evidence for the required electronic excitation. Despite some initial 
evidence to the contrary [4], the preponderance of evidence from the last APS March 
Meeting suggests that this feature persists, albeit somewhat broadened, in single crystals 
and epitaxial films [SI. 

Even within an excitonic model, there are many different interpretations of the 
electronic transitions responsible for the ‘exciton’. Little [6] has suggested that in YBCO 
the ‘chain’ electrons act as the excitons, but this cannot explain superconductivity in 
La2-.Sr,CuO4 (LSCO) or the newer Bi- and T1-based superconductors, which do not 
have chains. Varma et a1 [7] assume that the excitons are related to interband transitions 
between the Cu-0 antibonding and non-bonding bands. In the present paper, yet 
another model of these excitons is proposed. These new excitons are closely associated 
with the van Hove singularity in these materials. 

The van Hove singularity in question occurs at the point at which the Fermi surface 
just touches the Brillouin zone boundary (see figure 1). One of the first band-structure 
features noted [8,9] about the new high-T, superconductors was that the Fermi surface 
of the Cu-02 plane in LSCO lies almost exactly at the van Hove singularity whenx = 0.15, 
t Also at: Department of Physics, Boston University, Boston, MA 02215, USA. 
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Figure 1 .  Brillouin zone, with Fermi surfaces, for La,_,Sr,rCuO,, showing simultaneous 
interpretation as hole surface at M or electron surface at r (shading indicates side of Fermi 
surface occupied by electrons). ( a )  x = 0 (corresponding to f = 0 in equation (1)). ( b )  x = 
0.15 (?= -0.34). 

Figure 2. Brillouin zones appropriate to x = 0.15: (a )  the Fermi-surface sections remaining 
at the van Hove singularity after the charge- (or spin-) density-wave formation; ( b )  the 
regions of k-space occupied by self-trapped holes. after reference [50].  

and it was proposed that this feature plays a fundamental role in the superconductivity 
[9, lo]. Interest in this picture died down when it was found that some of its predictions 
(e.g., a Peierls transition due to Fermi-surface nesting) were not experimentally 
observed. Nevertheless, the idealised, quasi-one-dimensional (ID) band structure of 
figure l ( a )  continues to underlie many models of high-T, superconductivity. 

In the first part of the present paper, the experimental and (band-structure) theor- 
etical status of the van Hove singularity is analysed. It is shown that this feature always 
is found close to the Fermi level of these superconducting oxides, including the new Bi 
compounds. However, the idealised model of figure l(a) is inaccurate. The true Fermi 
surface has considerable curvature, as in figure l ( b ) .  This difference, while subtle, has 
profound consequences for high-T, superconductivity. For instance, the Fermi surfaces 
of figure l (a)  show perfect nesting, leading to a period-doubling Peierls transition 
which would completely gap the Fermi surface, leaving an insulating ground state. The 
tendency to instability is greatly reduced with the Fermi surfaces of figure l(b),  and the 
distorted material remains metallic, with ungapped Fermi-surface sections (figure 2(a)) .  

This fact suggests a natural separation of the carriers into two groups: a high-density- 
of-states (DOS) region near the Brillouin zone boundaries, and a low-Dos region over 
the rest of the Brillouin zone. These carriers can for simplicity be called heavy and light 
holes, respectively. It is the contention of this paper that this separation into two groups 
of carriers is essential for understanding high-T, superconductivity. In simplest terms, 
it is the light holes which condense, while the heavy holes produce the pairing. 

In more detail, the picture is as follows. The heavy holes have strong Fermi-surface 
nesting, and can be considered as quasi-ID. There is a logarithmic divergence in their 
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I I E Figure 3. Comparison of density of states for two- 
dimensional band with van Hove singularity of (a )  
and ( b )  with Bilbr-McMillan-type model of Cu- 
O 2  band (c). Part ( a )  corresponds to equation 
(1) with f = -0.34. The error bars show 20 meV, 
which is an upper limit to the DOS broadening 
expected from disorder and 3D coupling. Part ( b )  
represents anumerical solution to the antibonding 
band of equation (A . l ) ,  with A E  = 0.09, tcuo = 
0.3 and too = 0.1. The DOS is plotted against n, = 
1 - x ,  the number of electrons per unit cell. The 
broken and dotted curves are the partial DOS 
associated with Cu and 0, respectively. while the 
chain curve represents an effective DOS derived 
from experiments on LSCO (reference [48]). Part 
(c) shows a schematic separation of the DOS into 
heavy-hole (HH) and light-hole (LH) contri- 

LH 

E butions. 

DOS (figure 3(a)) ,  with similar anomalies in their various susceptibilities. Hence, they 
are subject to the well known instabilities of the ID electron gas [ll] toward either 
charge-density-wave (CDW) or spin-density-wave (SDW) formation or singlet or triplet 
superconductivity. With the Fermi surfaces of figure l(a) there are only heavy holes, 
and high-Tc superconductivity would require that the superconducting instability is the 
strongest-an unlikely possibility. The presence of light holes opens up a new possibility. 
The heavy holes can have a (spin or charge) density wave (DW) instability, and electronic 
excitations across the resulting DW gap can produce an additional (excitonic) pairing 
interaction for the remaining light holes. This model suffers from the original objection: 
no DW is observed in most of these materials. The present paper shows that this is 
compatible with reduced dimensionality in these materials. All that is required is short- 
ranged DW fluctuations, not full long-range DW order. There is abundant evidence that 
such fluctuations are actually present in the high-Tc materials. Moreover, there is a well 
developed CDW in BaPb, -xBi,03 (BPBO), the most three-dimensional (3D) member of 
the family. 

One advantage of this particular model is that it suggests a natural link between 
superconductivity in the high-T, oxides and in other groups of materials which display 
high-T, or other unusual superconducting properties, including the A15s, heavy fer- 
mions and organic superconductors. In the A15s there are high-Dos, quasi-11, sections 
of the Fermi surface coexisting with low-DOS regions, and there is a competition between 
superconductivity and a structural instability. The highest Tcs occur just before the 
structural transition, when all the carriers can participate in superconductivity. In these 
3~ materials, the CDW gap may be too large to produce significant excitonic pairing. 

The present paper describes this new model in broad outline. A companion paper 
(paper 11) [12] shows that the proposed mechanism can indeed produce T,s in the 
observed range. Some brief accounts of this work have already appeared [13,14]. The 
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outline of this paper is as follows. Section 2.1 and the appendix present a simple tight- 
binding model for the Cu-02 bands, showing that the curved Fermi surfaces of figure 
l(6) are associated with direct 0-0 hopping. Section 2.2 provides experimental and 
(band-structure) theoretical evidence for the near coincidence of Fermi surface and van 
Hove singularity in the new superconducting oxides. Section 3 presents the model for 
excitonic superconductivity in the presence of either long-range ( Q  3.1) or short-range 
(§ 3.2) DW order. Section 4 discusses a number of salient features associated with the 
model. In particular, since the van Hove singularity is associated with a fixed carrier 
density, the occurrence of superconductivity over an extended doping range in LSCO is 
understandable only if the compounds are a two-phase mix, with one phase at the van 
Hove point. The reasons for this phase separation are discussed in § 4.1. Section 4.2 
discusses the DW in more detail; Q 4.3 suggests why T, is higher in YBCO and the T1 and 
Bi compounds; Q 4.4 discusses deviations from two-dimensionality, § 4.5 the isotope 
effect and § 4.6 the comparison with other excitonic theories. Section 5 summarises the 
main conclusions, while 8 6 suggests a deeper interpretation of the underlying physics. 

2. Role of the van Hove singularity 

2.1. Model bund structure 

The calculation is restricted to the antibonding Cu-0 band of the CuOz planes. The 
essential physics is contained in the following model two-dimensional ( 2 ~ )  band structure 
[15]: 

& k  = -2to(cos k,a + cos k,a  + icos k,a cos k,a) (1) 
where E, = 8to is the full bandwidth. 

Equation (1) can be derived from a tight-binding Hamiltonian: 

= EC" 2 c:,c,u + Eo c. u:,uru + t C " 0  2 (u:+d,ucK7 + HC) 

+ too c. (a:+B'uuro + HC) (2) 

where the sums are over lattice sites (i), spins (a)  and nearest neighbours (6, a'), and 
HC stands for Hermitean conjugate. 

The band structure corresponding to equation (2) is analysed in the appendix. The 
results depend on the relative values of the hopping integrals and AE E,, - Eo. When 
AE % tCuO and too, the antibonding band is of the form of equation (l), with 

to = 2t&,/AE 

i =  -4toolAE. 

In the oxide superconductors, the opposite limit is more likely to apply, AE 4 tCuO and 
too. In this case, as shown in the appendix, the expression for the energy bands is more 
complicated than equation (1). However the qualitative feaures, in particular the shapes 
of the Fermi surfaces and the role of too, are quite similar. For instance, figure 3(a) 
shows the DOS associated with equation (1) (large AE) ,  and figure 3(b) shows that 
calculated numerically for the antibonding band of equation (A.l) for a situation with 
small AE. 

Equation (l), with = 0, is the familiar tight-binding form used in many previous 
high-T, calculations. When 1 is neglected, the half-filledband (figure l(a))  has a square 
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Figure 4. Fermi surfaces derived from positron annihilation studies: ( a )  after reference [ 191, 
( b )  and (c) after reference [20]. ( b )  Raw data, figure 3 of reference [20]; (c) analysed into a 
superposition of two Fermi surfaces (broken and full curves). figure 5 of reference [20]. See 
discussion in text. 

Fermi surface and hence perfect nesting, leading to very singular behaviour. Inclusion 
of iproduces more rounded Fermi surfaces, greatly reducing the nesting and the strength 
of the singularity and shifts the nesting condition away from the half-filled band. The 
importance of direct 0-0 hops has also been noted by Stechel and Jennison [ 161, and 
Yu et a1 [17] have shown that both terms of equation (1) are necessary to describe 
correctly their calculated Fermi surfaces for YBCO and T12Ba2CanCun+102n+6, n = 1, 2 
(TBCCO). 

There is high-Dos region associated with the van Hove singularity of the 2~ energy 
bands-the saddle-point energy at which conduction crosses over from electron-like to 
hole-like. The high-Dos regions occur near the X points in figure 1, where the Fermi 
surface intersects the Brillouin-zone boundary. For purely 2D bands, the DOS is log- 
arithmically infinite at this energy. In reality, the singularity is smeared out by interlayer 
coupling and finite carrier lifetime. In § 4.4 it is shown that these effects are relatively 
small, and still allow a well defined separation of light and heavy holes. For the present 
purposes, the logarithmic DOS (figures 3(a )  and ( b ) )  is not essential, and the DOS may 
be approximated by the non-singular form of figure 3(c).  

If t̂  is negative, the van Hove singularity occurs at the Fermi energy E, when the 
CuOz planes are positively doped. For instance, the singularity falls at the Fermi level 
of LSCO of optimum T, ( x  = 0.15) for t̂  = -0.34. This negative value of t̂  is consistent 
with a naive model of treating the hybridised Cu-02 bands as an isolated unit (as in the 
appendix). In this case it might be expected that the most nearly-free-electron-like 
behaviour (circular Fermi surfaces) would occur at the bottom of the bonding and the 
top of the antibonding bands. This is true only if t̂  < 0. 

2.2. Evidence for the van Hove singularity 

In local-density band-structure calculations for LSCO [8,9] and in 2~ calculations for 
YBCO [ 181, the Fermi surface is located at the van Hove singularity. This appears to be 
the case also for full 3~ calculations in YBCO, but in this case a nearly degenerate Cu-0 
chain band overlaps and hybridises with the Cu-02 plane band, thereby complicating 
the interpretation. The hybridisation can be nicely illustrated by a careful analysis of 
recent experimental positron annihilation results [19,20] (figure 4) which appear to 
capture the principal features of the band-structure analysis. 

Figure 4(a) shows the relevant Fermi-surface section found by Peter’s group [ 191. 
The raw 2~ ACAR data (maximum gradient of carrier momentum) found by Smedskjaer 
et a1 [20] look very similar (figure 4(b))-the technique is not sensitive to the nearly 
localised carriers near the X points. However, ‘with guidance from theory’, these data 
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were analysed as a superposition of the two Fermi-surface sections shown in figure 4(c). 
The Fermi surface of figures 4(a) and ( b )  clearly agrees with the model of figure l(6) 
and the 2~ calculation of reference [18]. That of figure 4(c) shows the modifications 
introduced by the Cu-0 chains. The present model requires only high-Dos and low-Dos 
regions of Fermi surface, and hence is insensitive to these modifications of the Fermi 
surface. The presence of two types of low-Dos carriers, one associated with the chains 
and one with the planes, may, however, explain some other properties of YBCO, such as 
the anomalous temperature dependence of the Hall coefficient [21], and may be essential 
in enhancing T,, as discussed below. 

A similar situation arises in the newer Bi andT1 superconductors. In Bi,Sr,CaCu20,, 
the Fermi level falls very close to a van Hove singularity at the X point (figure 2 of 
reference [22]). The same general shape of figure l(b) is clearly seen in the calculated 
Fermi surfaces (figure 3 of reference [23]), but the region near the X points is severely 
distorted by an additional Fermi-surface pocket due to Bi-0 states. 

It should be cautioned, however, that while the general agreement between positron 
annihilation studies [ 19,201 and band-structure calculations is good for Y B C ~ ,  there have 
been questions raised about the accuracy of band-structure calculations in describing 
these materials. In particular, it is found that local-density calculations cannot explain 
the antiferromagnetic insulating ground state of La,CuO, [24]. The strong correlation 
effects make any one-electron band structure somewhat suspect. Much more significant 
are the photoemission experiments, discussed below, which provide strong support for 
the picture of heavy and light holes at .EF. 

Further experimental evidence for light and heavy holes comes from normal-state 
transport measurements. The large resistivity, linear in T ,  is due to electron-electron 
scattering involving the heavy holes [25] ,  whereas Hall-effect measurements [26] see 
only a low carrier density consistent with the light holes (figure 2(a)). This can easily be 
understood as a mobility effect. A simple two-band calculation shows that if the heavy- 
hole mobility is only + as high as that of the light holes, the heavy holes will produce only 
a 20% increase in the Hall coefficient, RH. The weak temperature dependence of RH in 
LSCO could be due to a gradual heavy-hole freeze-out as short-range DW order grows. 

Finally, recent photoemission experiments [27] are consistent with a small density 
of mobile carriers plus a high density of nearly localised carriers at the Fermi level, if 
allowance is made for final-state effects. The measured photoemission spectrum (figure 
5(a ) )  shows a number of sharp features associated with nearly localised charges, plus a 
delocalised continuum which produces a well defined step at the Fermi level (figure 5(a),  
inset). In interpreting the localised features, the presence of the final-state hole must be 
taken into account, leading to the assignments of figure 5(b) .  From this assignment, the 
positions of the localised bands in the absence of final-state holes may be inferred by a 
cluster calculation. As shown in figure 5 ( d ) ,  hybridisation effects produce a large 
additional splitting of the Cu d hole (3d9), and the 0 2p hole (3d'OU features. The sharp 
structure at the Fermi level is thus the predominantly 3d9 state, nearly localised, while 
the continuum background is due to hybridisation with the more extended 0 2p states. 
Figure 5(c)  should be compared with figure 3(6). The small additional splitting of the 
3d9 level, due to the CDW, amounts only 0.4eV and would be difficult to detect in 
photoemission. 

Summarising, it can be noted that both experiment and band-structure calculations 
are consistent with a picture of the van Hove singularity occurring near the Fermi level. 
Even at room temperature, the strong scattering associated with the singularity ensures 
that the high-Dos holes are nearly localised (large short-range DW order). It should be 
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FigureS. Analysisofx-ray photoemission data for 
La,  ,Sr,,,CuO,. after Shen et a1 [27]. ( a )  Photo- 
emission spectrum. showing sharp features A-D 
corresponding to nearly localised charges. plus a 
continuum feature near the Fermi level EF 
(shaded part of inset). ( b )  Interpretation of fea- 
tures A ,  B and D in terms of valence-band hole 
states (see reference [27] for a discussion of fea- 
ture C). Lower lines are bare energies, upper lines 
include hybridisation. (c) Ground-state energy 
bands inferred from ( U )  and (b ) .  The 0 2p band is 
assumed to have a larger width due to direct 0-0 
hopping. ( d )  Ground-state energylevels, asin ( b ) .  
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stressed that, in the absence of heavy-hole localisation, the small measured Hall-effect 
carrier densities are incompatible with the Fermi surfaces found in band-structure 
calculations. 

3. Model for superconductivity 

3.1. Excitonic superconductivity 

Given the separation of the carriers into heavy and light holes, a close similarity between 
the high-Tc oxides and the A15 superconductors becomes apparent. These compounds 
can be thought of as a 3D array of interpenetrating conducting chains. Hence there are 
quasi-iD sections of Fermi surface, and early theories suggested that the CDW and 
superconducting instability were associated with the I D  DOS singularities. However, 
Bilbro and McMillan [28] (BM) showed that the competition between superconductivity 
and CDWS can be adequately described by fully three-dimensional energy bands, as long 
as the carriers fall into two groups, associated with high-Dos and low-DOS. 

The high-Dos carriers in the A15s are also associated with parts of the Fermi surface 
near the Xpoints, and also have significant nesting, which leads to a competition between 
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superconductivity and CDW formation. By a slight modification, the theory can also 
describe a system with a SDW instability [29]. In the CDW phase, the peak in the DOS is 
split into two peaks, one driven a distance W( T )  below the Fermi level, the other above. 
It is this lowering of the energy of the occupied peak which stabilises the CDW. If the CDW 
transition does not occur, a superconducting transition can take place with a relatively 
high T,, because of the large total DOS. Once the CDW transition sets in, superconductivity 
will involve gapping only the light holes, with considerably smaller DOS and hence much 
lower T,. The competition between these two interactions explains why super- 
conductivity in the A15 compounds is located very close to a structural instability, and 
why it is so difficult to optimise T, in these materials. 

BM developed a simple model of the A15s to account for this competition. Their 
model has already been used [30] to interpret the superconductivity of BPBO, which has 
a long-range CDW transition. The B M  Hamiltonian has also been applied to LSCO [31], 
identifying the CDW transition with the tetragonal-orthorhombic (TO) transition. How- 
ever, from the known distortions of the oxygen atoms, it is presently believed that the 
TO transition does not open a gap at the Fermi level [32]. Moreover, a purely phonon- 
induced pairing interaction would probably overestimate the isotope effect in this 
material [3], and cannot explain the very high T,s found in YBCO or the new TI and Bi 
compounds. 

Hence, a new mechanism for pairing is needed. In the context of a BM-like model, 
there is one obvious candidate: the DW gap itself. This is the lowest electronic gap in the 
system, and hence the most likely source of an excitonic pairing [33,34]. In paper I1 a 
detailed dielectric constant calculation is provided, showing that this mechanism can 
lead to T,s of the appropriate magnitude. Here, however, I introduce a modified BM 
Hamiltonian which allows a convenient generalisation to include DW fluctuations. 

In the BM model, energy space is divided into region 1, corresponding to the high- 
DOS carriers, and region-2, for the low-DOS carriers. Two electron-phonon coupling 
parameters are introduced, V,  driving the Peierls (CDW) transition and VBcs providing 
the superconducting pairing. These lead to coupled equations for the CDW gap Wand 
the BCS gap A :  

where J1 is an integral over region 1, 
Q i  = E* + A*(&) + W26/,  I =  1 , 2  

w o  is a characteristic phonon energy and pI is the DOS. Away from the van Hove 
singularity, the DOS may be considered constant, P * ( E )  = N 2 ;  however, in region 1, p1 
has a strong energy dependence. In the 2D limit, p l (&)  = N I  ln(tO/&), with N I  = 2/ 
(ntOVO), and V o  is the unit cell volume. When A = 0, BM reduces to a purely CDW 
transition, and W(T) has the BCS form if the DOS in region 1 is constant. Including the 
logarithmic singularity produces large deviations from BCS form. 

Since the excitonic coupling has the same BCS form as ordinary phonon coupling, it 
can be incorporated in the BM model by adding a second term to the right-hand side of 
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equation (5), of the same form but with the substitutions VBCs -+ V,, the exciton pairing 
potential, and hwo+ W ( T ) ,  the CDW gap. When exciton coupling is dominant, the 
phonon contribution to equation (5) may be ignored. Since Whas a non-Bcs temperature 
dependence, the resulting A( T) will have a very non-Bcs form, and 2A(O) can be much 
greater than kBT,. A typical example is given in reference [14]. 

3.2. Short coherence length limit 

The above model for the CDW is expected to be valid when the temperature dependence 
is dominated by electron entropy. In the high-T, superconductors the opposite limit, 
phonon-entropy dominant, is likely to be more important. This is because the number 
of phonon modes involved is large when the electronic coherence length 5 is small-all 
phonons with wavenumber within E - ’  of the soft mode are important. This excess 
entropy depresses the CDW transition temperature, while fluctuation effects and short- 
range order are important at high temperatures. In the extremely short coherence length 
limit, the electron entropy may be ignored. 

For the case of the pure CDW (V,,, = V, = 0), a simple mean-field calculation has 
been carried out by McMillan [35], and may be briefly summarised. The order parameters 
are averages over phonon amplitudes, the long-range order parameter ( y )  CC W ,  and the 
short-range parameter ( I vi2). (q) is proportional to the mean static lattice displacement, 
( 1q12) to the mean-square local lattice displacement or local energy gap. At this point, 
it would be premature to distinguish commensurate and incommensurate CDW phases, 
and only the incommensurate phase will be considered. The equilibrium values of (q) 
and ( 1  VI2) are found by minimising the (normalised) free energy: 

with potential 

V l ( q )  = ( A ’ / C  + + 4 / ~ ~ ) 1 V / ~  - ( 8 / X 2 )  Re(V*(V)) + (20’/C)IV12((lV12). (9) 

In the above equations C, A ’  and D’ are constants which fix the energy scales for the 
electronic energy, elastic energy and CDW interaction respectively, while t = TIT* is a 
normalised temperature. The temperature T” depends on microscopic parameters and 
is proportional to E 2 .  The electronic term v depends on the form assumed for the DOS. 
McMillan [35] used a constant DOS, p 1  = N I ,  for which v = lnlq12. If p1 = N I  ln(to/ 
E ) ,  then v = ln2Iql2/8. Figure 6 compares the temperature dependence of the order 
parameters for these two choices of DOS. 

Incorporation of excitonic superconductivity is then straightforward, as in equation 
(5). There is no necessity for the bosons which produce Cooper pairing to be long-lived, 
so the su erconducting gap should be a function of the short-range order parameter, 

ranged CDW phase. The resulting gap A( T )  (figure 7) shows deviation from BCS form, 
particulary in having a stronger temperature dependence at low T. For the parameters 
chosen in figure 7, 2A/kBT, = 4.85. 

W ,  CC ?- (lq12) Hence, superconductivity can arise without the appearance of a long- 

4. Discussion 

Any new model which seeks to explain high-T, superconductivity must raise a great 
number of questions as to how it accords with experiment. In this section, a number of 
these issues are discussed. 
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Figure 6. Short-correlation-length CDW, showing both long-range ((yt)) and short-range 
( ( 1 ~ 1 ' ) )  order parameters in the McMillan model, assuming A ' / C  = -0.965, D ' / C  = 0.2. 
Full curves represent constant DOS, broken curves represent logarithmic DOS. 
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Figure 7. Excitonic superconductivity in the short-correlation-length model, The calculations 
assume the parameters of figure 6 (log DOS), W / ( V )  = 250 meV, T*  = 7.8 meV and I ,  = 
0.29. 

4.1. La2-xSr,Cu0,: a two-phase system 

LSCO presents a special challenge to any theory based on the van Hove singularity, 
because superconductivity persists over an extended range of hole concentration, for x 
between 0.04 and 0.3, This is possible only if the Fermi surface is pinned at the van Hove 
singularity. If this naturally occurs for some xo (where xo = 0.15-0.2), then for x # xo, 
the material must occur in a two-phase mixture [15], with one phase at xo and the other 
at some other stable phase, for example near x = 0 (La2Cu04). The phases could be 
purely electronic, or could involve some atomic rearrangements. Since a short-range 
diffusion of Sr or 0 would cost relatively little energy while maintaining change neu- 
trality, a spinodal decomposition might occur in these systems [ 151. The purely electronic 
instability would be very similar to the ferron phase in a semimagnetic semiconductor 

Why does such a phase separation occur? It has been proposed [3?, 381 that this is a 
2~ analogue of a Hume-Rothery phase [39], in which strong electron-phonon coupling 
induces a lattice instability near the carrier concentration at which the Fermi surface just 

[361. 
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Figure 8. Hole free energy A F  against doping x 
for La,_,Sr,CuO,. Calculation includes on-site 
Coulomb repulsion and electron-phonon coup- 
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The nature of the phase at x = 0 is quite interesting. It appears to be a Mott insulator, 

due to strong on-site Coulomb repulsion (dotted line in figure 8). The usual picture of 
the Mott transition is that it is driven by extremely strong correlation effects associated 
with a half-filled band: the electrons can greatly lower their Coulomb energy if no two 
electrons ever occupy the same atom. In the present system, these correlation effects 
act to increase the separation between the Cu and 0 energy levels, A E  [41]. The effect 
of this renormalisation can readily be seen from equation (3). Not only is the bandwidth 
reduced (to+ 0), but band-structure effects are washed out (i+ 0) and the van Hove 
singularity is pushed towards the half-filled case. Thus, in LSCO, the Fermi surface of 
figure l ( b )  is appropriate for the doped material (x = 0.15) and that of figure l ( a )  for 
the undoped (x = 0). In the latter case, the greatly reduced bandwidth and enhanced 
nesting ensure that a SDW transition will occur at a relatively high temperature. 

Near the van Hove singularity (x = 0.15), the effects of correlations are much weaker, 
particularly when direct 0-0 hopping is allowed (too # 0). This is clearly illustrated in 
the calculations of reference [38] (figure 8), where a slave boson technique [41] is 
used to incorporate on-site Coulomb repulsion, while the electron-phonon interactions 
responsible for Hume-Rothery phase separation are simultaneously included. 

Because of the two-phase coexistence regime and fhe fact that band-structure infor- 
mation is lost in the AFM phase, extrapolating from the AFM phase to understand the 
high-T, phase is extremely problematic. In particular, the AFM phase is the same in the 
high-T, oxides and the magnetic semiconductors, so whether doping produces a high-T, 
superconductor or a ferron phase [36] depends entirely on the properties of the second 
phase. Some recent studies [50,51] have found that, just as in the magnetic semi- 
conductors, excess holes added to the AFM state are self-trapped, and pairs of holes 
attract. I would interpret this as the first stage of the phase separation. Zaanen et a1 [24] 
have shown that multi-hole clusters are also stable. The self-trapped holes [50] are 
localised in k space near the initial Fermi surface (figure l ( a ) ) .  This gives them a 
momentum-space distribution (figure 2(b) )  which is very similar to the Fermi surfaces 
of the light holes, after the CDW transition (figure 2(a) ) .  

4.2.  The density wave 

A number of questions about the short-range DW fluctuations remain unanswered. Do 
SDW or CDW fluctuations predominate? Is there a transition to long-range DW order, and 
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i o )  I b )  i C )  

Figure 10. Possible models of CDW formation. Full circles are Cu, open circles are 0. The 
arrow shows the charge separation vector. ( a )  Cu valency alternation; ( b )  charge transfer 
exciton: (c) modification of ( b )  with 0-valence alternation. In ( b )  the lobes of the Cu 3d and 
0 2p orbitals are shown. 

does it occur above or below the superconducting transition? The present section 
provides some possibilities, without reaching any firm conclusions. 

It is perhaps useful to look first at La2Cu0,. Here strong 2D spin-density correlations 
are present for hundreds of degrees above the AFM transition [52] (which may be 
considered as a commensurate SDW). This occurs because long-range order cannot 
exist in a strictly 2~ system: the AFM transition is driven by extremely weak interlayer 
correlations. These SDW fluctuations persist into doped LSCO at least to x = 0.12, even 
though the AFM Nee1 temperature is depressed strongly with increasingx, going to zero 
above x = 0.4. Could these fluctuations persist out to x = xo, and be responsible for the 
excitonic pairing? 

I think that, instead, the relevant fluctuations are of a CDW, strongly coupled to 
lattice vibrations. Certainly, there is a well defined CDW in BPBO, the most 3~ of the 
superconducting oxides. Moreover, in both LSCO and YBCO there seems to be anti- 
correlation between superconductivity and the AFM state, as would be suggested by 
figure 8. An analogous situation arises in the theory of ID metals [53]. SDW fluctuations 
may dominate at high temperatures, but when interchain coupling is strong, the domi- 
nant low-temperature instability is a CDW. 

DW fluctuations must be present even at room temperature, since the optical excitonic 
feature is observed at these temperatures. A similar situation occurs in the pure CDW 
state in 2H-TaSe2, where the energy gap is 0.3 eV - 24kBTcDw. In fact, McMillan’s 
short-coherence-length theory [35], discussed in Q 3.2, was designed to describe this 
material. 

The question is, when does long-range order set in? It is possible that the CDW is 
associated with the structural transitions which have been observed just above T, [54]. 
Alternatively, the transition to long-range CDW order may not occur at all for T > T,. 
There is considerable evidence [55] of anomalies in phonon-related properties at or 
slightly above T,, which suggest a CDW. However, this evidence must be treated cau- 
tiously, since the phenomena could be generated indirectly. Superconductivity will 
reduce ordinary scattering of phonons by electrons, and hence modify virtually all 
phonon properties, regardless of the mechanism of superconductivity. 

The present considerations cannot specify the exact form of the CDW distortion. All 
that is required is that the distortion splits the van Hove singularity. Figure 10 presents 
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some possible CDW distortions which are consistent with this requirement. The simplest 
picture is that the CDW causes a Cu1'-Cu3+ valence alternation (figure l O ( a ) ) .  This is a 
two-dimensional version of the CDW in BPBO. However, photoemission studies reveal 
the absence of Cu3+; the extra holes preferring to go on the oxygen, producing 0'-. 
Modifying figure 10(a) so that the hole is shared by the four oxygens surrounding the 
original Cu3+ gives the alternate CDW of figure 10(b). Note that, for charge conservation, 
the actual electronic wavefunction on the oxygens must be a mixture of 02- and 0'- 
states. In figure 10(b), only half of the Cu2+ convert to Cu". Mazumdar [56] has 
suggested another possibility: all of the CU'+ converts to CUI+, so that (in the absence 
of doping) half of the 0'- become 0'- to preserve charge neutrality. An ordering of the 
0'--02- ions would then restore the symmetry of the problem. Figure lO(c) shows one 
such ordering (this is not identical to the ordering suggested by Mazumdar). In all of 
these cases, figure 10 shows intralayer correlations only. The strong, weakly screened 
Coulomb interactions along the c axis could lead to a more complicated three-dimen- 
sional order. If the recent reports of 'oxygen dimers' [57] can be confirmed, they would 
be likely candidates for DW fluctuations. 

Why are the excitonic effects so much weaker in the A15 compounds, which have 
well defined CDWS? It may be that the CDW gap is too big to promote superconductivity 
[12] .  Just as in phonon-induced pairing, excitonic attraction wins out over electron- 
electron repulsion because of retardation effects. The first hole polarises the excitonic 
background, the second is attracted to this polarisation after the first hole has passed. 
This requires that the excitonic frequency be small compared with electronic frequencies, 
or equivalently, 2W < EB, the electronic bandwidth. To account for retardation effects, 
the integral on the excitonic term of equation (5) should be cut off when Wis larger than 
-EB/5. In the high-T, oxides, W is approximately of this order of magnitude. In other 
CDW systems, W may be S E , ,  in which case the excitonic contribution is unimportant. 

4.3. Why is T, higher in YBCO and the newer Bi and T1 compounds? 

In LSCO, both the excitons and the superconducting holes arise from the same band of 
Cu02-plane holes. This is distinct from Little's original excitonic concept [33], when one 
group of localised electrons produced the polarisation, pairing carriers which belonged 
to a totally different group. Such an effect could occur in YBCO: the higher T, would be 
due to the fact that there are two groups of superconducting carriers, light holes from 
the C u 0 2  planes and carriers from the CuO chains. This would explain why, when the 
chains are disrupted, T, drops to -60 K [58], nearly the same value as for LSCO under 
pressure. 

A similar effect could also occur in the T1 and Bi compounds. The pure CaCuOz 
compound is insulating [59], that is, it requires doping of the C u 0 2  planes to move the 
Fermi level to the van Hove singularity. The high T,s of the T1 and Bi compounds must 
arise in part because of this charge transfer, but there are also free carriers in the T1-0 
or Bi-0 layers, which can be paired just as in YBCO. 

Allender eta1 [34] have suggested that T, could be raised even further at the interface 
of two appropriate materials, for example a metal film on a semiconductor. In a sense, 
the Bi and T1 compounds may already be an example of this, with metallic layers 
intercalated between C u 0 2  sheets. Such an effect could also occur in these high-T, 
oxides, by preparing an intimate mixture of the excitonic and a metallic phase (high 
carrier concentration, and hence reduced tendency to CDW formation). This mixture 
could arise naturally, via spinodal decomposition [ 141, in these multi-component oxides. 
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Indeed, the recently observed Bi alloy ‘cryptocrystals’ [60] show that such intimate 
mixtures can arise in these systems, although it does not appear that, in this instance, 
the mixture has enhanced T,. In any case, the very short coherence lengths in these 
materials require that the two phases be mixed on an extremely fine scale. 

4.4. Effects of two-dimensionality 

The present model does not inherently require two-dimensionality, only a high-Dos 
region at the Fermi surface, with a separate group of low-DOS carriers. It may well be 
that the nearly 2~ bands in the superconducting oxides enhance the effectiveness of the 
mechanism: larger DOS, greater temperature range for DW fluctuations. Nevertheless, 
there is nothing in the model which requires, for example, the DOS to diverge log- 
arithmically as T-, 0 (unlike some other theories). For actual calculations, however, it 
is useful to estimate how large the rounding of the DOS is likely to be. These estimates 
are made in this section. 

Since the gap equation already includes thermal smearing, the two features which 
could wash out the DOS singularity are three-dimensional ( 3 ~ )  coupling and lifetime 
effects. These will cause smearing of the logarithmic DOS peak over energy scales 
and AE, respectively. These energy scales can be estimated as follows: 

AEr  = f i / z  = hne2p/m. (10) 
Taking the light-hole density n = 3 x 1021 ~ m - ~ ,  the mass m to be the free-electron mass, 
and the resistivity p = 200 pS2 cm at T,, AE,( Tc) = 11 meV. Since p is dependent on 
temperature, AET will be smaller at lower T.  The second, T-independent contribution, 
AE3D, must be estimated from band-structure calculations. In these layered materials, 
a sharp distinction must be drawn between intrasandwich and intersandwich coupling. 
For instance, TBCCO and related Bi compounds show a staging phenomenon similar to 
intercalated graphite. A stage number can be defined by the number of C u 0 2  layers 
between successive pairs of T1 layers. Stages 1-3 have all been observed experimentally, 
with T, an increasing function of the stage index. In stages 2-3, the Cu layers between 
successive pairs of T1 layers (‘intrasandwich’) can be relatively strongly coupled, whereas 
Cu layers separated by T1 layers (‘intersandwich’) are very weakly coupled. 

The intrasandwich coupling will split the DOS peak into several inequivalent peaks 
( N  peaks in stage N ) .  However, each peak will have a logarithmic singularity, and the 
DW and superconducting transitions will be dominated by the largest peak. (In principle, 
the more complicated situation of a competition between two peaks is also possible, but 
will not be discussed further here.) It is only the intersandwich coupling which produces 
true three-dimensional order and hence rounds off the logarithmic singularity. The 
strength of this coupling is measured by the intersandwich coupling, or 3~ bandwidth, 
AE3D. Calculations show that this dispersion is less than 10 meV [9] in YBCO, and may 
actually vanish [18,61]. Hence, a conservative estimate is S 10 meV, so the total 
AE = ( (AE3D)2  + (AE,)2)1/2 S 15 meV at all temperatures, and AE-  hE3 ,  as T+ 0.  
The error bars in figure 3(a) show a spread of 20 meV. It can be seen that smearing out 
the DOS on this energy scale would not affect the overall shape of the DOS, but only smear 
out the immediate vicinity of the peak. Since DOS structure affects the temperature 
dependence of Wor A only at very low temperatures, for which AE = AE3D, a detailed 
comparison of theory with experiment can fix the value of this poorly known parameter. 

In LSCO, there is significant c-axis disperison because the r and Z points alternate 
one above the other in the tetragonal Brillouin zone [8,9]. However, this dispersion has 
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relatively little effect, since it is topologically necessary that the van Hove singularity 
occurs in the central plane (containing r) and the end faces (containingz) of the Brillouin 
zone at exactly the same energy level. 

Some idea of the broadening of the DOS can be found by analysing the doping 
dependence of T, in LSCO. If neither DW formation nor phase separation occurred, there 
would be a purely phonon-induced superconducting transition, with T, a sensitive 
function of the total DOS, N :  

Tc(x) = TcO exp( -l/(N(x)VBCS>>. (11) 

Assuming T,, and VBcs are independent of x ,  the data of reference [48] can be used to 
reconstruct an effective DOS, Neff(x). This is plotted in figure 3(b), assuming T,, = 500 K, 
N,ffVB,s = 0.38. It can be seen that Neff is broader than the theoretical N ,  with sharper 
fall-off. This would be expected from a two-phase model: the superconducting phase 
would have an approximately constant T,, but decreasing Meissner fraction as x is 
varied away from x,. The low-temperature Meissner fraction may, however, be nearly 
independent of x (as seen in the data of reference [48]), because proximity-effect 
coupling can drive the normal phase superconducting. On the other hand, when the 
superconducting fraction is small, T, can be depressed by proximity to a normal metal 
or a phase with strong spin-density fluctuations. 

4.5. Isotope effect 

Ordinarily, it is assumed that an electronic pairing mechanism implies the absence of an 
isotope effect. However the present model relies on an incipient density wave, and a 
CDW will be accompanied by a periodic lattice distortion. Hence, there may be some 
isotope effect associated with this electronic mechanism as well. Unfortunately, the 
situation is quite complicated, and no detailed calculations can as yet be made. Never- 
theless, it seems very likely that this mechanism can produce a small or even negative 
contribution to the isotope effect. For instance, a lighter isotope, by enhancing t.he 
phonon frequencies, would increase the CDW transition temperature. But, as discussed 
above, raising the CDW transition can actually decrease T,. 

4.6. Comparison with other theories 

The present model is very similar to that of Varma et a1 [7], in that both assume Cu-0 
charge transfer excitons in the CuO:, planes to be responsible for superconductivity. 
However, the distinction is significant: in the present model, the ‘excitons’ are really a 
CDW forming within a single band (the antibonding Cu-0 band), whereas the excitons 
of reference [7] are true interband excitons, between the antibonding and non-bonding 
bands. In the latter case, the exciton gap is greater than or equal to half the bandwidth, 
so retardation effects are negligible, and the calculation of paper I1 does not yield a high 
Tc. 

It may be possible to identify these interband transitions in optical absorption studies. 
In a simple picture, the interband absorption should have onsets at EB/2 (antibonding + 

non-bonding) and EB (antibonding + bonding). The observed [62] absorption peaks at 
1.3 and 2.7 eV are in good agreement with the band-structure estimates of 2-3 meV. 
Some care must be taken, however, in accepting this assignment. There are other oxygen 
orbitals which can couple to the Cu, and the estimates of Stechel and Jennison [16] place 
them within 1 eV of the Fermi level. The model of reference [38] suggests that the strong 
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correlation effects greatly modify the optical properties. To get a Mott transition near 
half-filling requires the bare Cu-0 separation to be -5 eV (assuming tcuo = 1.2 eV). 
Hence, even though interband transitions should be observed near both the bare and 
the renormalised energy gaps [41], only the renormalised bands occur within 2 eV of the 
Fermi level. Using the parameters of figure 8, these renormalised interband transitions 
have an onset near 1.1 eV, in good agreement with experiment (see paper 11). 

5. Conclusions 

The conclusions of this paper may be conveniently summarised in terms of normal state 
(N) and superconducting (s) properties. 

N I .  Band-structure calculations are in good agreement with positron annihilation 
studies of the Fermi surface, but are totally at variance with transport measurements. In 
LSCO, the calculated (=1 + x )  and experimental ( - x )  hole densities differ by a factor 
greater than six. This difference is usually ascribed to ‘correlation effects’, often thought 
of in terms of the Mott transition. However it is hard to understand how the Mott 
transition can be important when the hole density differs from half-filled by nearly 20%. 

If, however, the Fermi surface shows considerable curvature (as predicted by band- 
structure calculations), then the Fermi surface will intersect the Brillouin zone boundary 
(van Hove singularity) at a hole concentration very different from half-filling. At this 
point, there should be a singularity similar to the Mott transition, but weaker, so that 
some holes are not involved in the transition. This transition has been identified as a 
(C)DW formation. Since the bands are nearly20, long-range order is possible only through 
residual 3~ correlations. Since these are weak, only short-range DW order is observed. 

~ 2 .  When x = 0, the physics is totally different. Here, on-site Coulomb repulsion is 
strong enough to produce an ordinary Mott transition (SDW) in La2CuOp. Correlation 
effects renormalise the bands, greatly reducing the bandwidth and shifting the van Hove 
singularity towards half-filling [38], leading to an insulating ground state. Since the 
ground states are total different at x = 0 andx = xo, there must be a first-order transition 
between the two, with a two-phase coexistence region. 

si. It has long been recognised that phonon-mediated pairing is inadequate to 
produce high-T, superconductivity. Excitations across the (short-range) (DW) gap would 
appear to be an ideal candidate to produce an excitonic pairing, since they are the lowest- 
energy electronic excitations in the system and are strongly coupled to the low-Dos 
carriers (cf the large normal-state resistivity). It must be stressed that this particular 
mechanism does not follow automatically from the two-carrier model, but seems to offer 
the most plausible origin for a new attractive pairing. 

6. Interpretation of the DW transition 

The two-band picture of figure 3(c) might suggest a naive interpretation as a narrow, 
quasi-localised Cu d band overlapping a broad 0 p band. That this is not the case can be 
seen from the partial DOS calculated in figure 3(b). While the band remains mostly Cu- 
like, the additional 0-like holes are actually added predominantly near the DOS peak. 
The CDW instability can therefore be interpreted in terms of a valence fluctuation. More 
precisely, it might be described as the formation of a covalent bond between the Cu and 
the 0. Such an interpretation of CDW formation has been discussed previously [35,63]. 
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Appendix. Energy bands of equation (2) 

Equation (2) is used to describe the square Cu021attice. The Cu dx2-,2 orbital is assumed 
to be coupled by tCuO with a single p orbital on each near-neighbour 0 atom (see reference 
[16] for a discussion of other 0 orbitals). Assuming Bloch form for the wave functions, 
the hole bands are given by the roots of the 3 X 3 determinant: 

A E - E  Y ,  Y y  

Y?, Y o  -E 

( y x  -E yo)  = o  (A.1) 

where y, = 2tcuo sin(kia/2), i = x ,  y ;  y o  = 4too sin(k,a/2) sin(k,a/2). If too = 0, the 
solution simplifies. The antisymmetric p-hole combination is uncoupled, with E = 0 
(non-bonding orbital). The bonding (-) and antibonding (+) orbitals satisfy 

E? = (AE/2) 5 v(AE/2)2  + y:  + y;. ('4.2) 
If A E  % tCuO, the antibonding band becomes 

E+ = A E  + (y: + y$)/AE = A E  + (4t&/AE)(2 - cos(k,a) - cos(k,a)). 

In the opposite limit AE = 0, E, becomes 

E, 

theory gives for the antibonding band: 
E+ = AE + ( y :  + y$)/AE + 2y,y,y,/AE2 

(A.3) 

y ,  = ?- = 5tc,,V2(2 - cos(k,a) - COS(~ ,U) ) .  (A.4) 
When too # 0, the calculations are more involved. For A E  % tCuO, too, perturbation 

= AE' - ~ ~ [ ( c o s ( ~ , u )  + C O S ( ~ , U ) ) ( ~  + f) + fcos(k,a) COS(~ ,U) ]  (A.5) 
when A E '  = A E  + to(4 + t ^ )  and to,  fare definedin equation (3). Hence, the antibonding 
band has the form of equation (1). In the more realistic case, with A E  small, the solution 
does not have quite so simple a form. However, the resulting Fermi surfaces are similar. 
In the limit AE = 0, the determinant equation can be rewritten as an equation of the 
constant-energy surface k,(k,, E): 

(A.6) 
where e = E/2tCu0, /3 = f ( l  + ef/2) and f = 2too/tcuo. The antibonding-band energy 
level corresponding to the van Hove singularity is just e = 1. In this case, if /3 = 0, the 
Fermi surface is square, as in figure l(a), cos(k,a) + cos(k,a) = 0. For too > 0, the Fermi 
surface has a similar curvature to figure l (b ) .  In fact, theFermi surfaces are identical if 
/3 = f/(l - 0. Thus, f = -0.34 is equivalent to /3 = -0.25, o r f =  -0.3. 

cos(k,a) = 1 - e(2e2 - 1 + cos(k,a))/[e + /3(1 - cos(k,a))] 
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